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Abstract
We study the effect of three types of graft transformations to in-
crease or decrease the distance spectral radius of uniform hypergraphs,
and we determined the unique k-uniform hypertrees with maximum,
second maximum, minimum and second minimum distance spectral ra-
dius, respectively.
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1 Introduction
A hypergraph G consists of a vertex set V (G) and an edge set E(G), where
V (G) is nonempty, and each edge e ∈ E(G) is a nonempty subset of V (G), see
[2]. The order of G is |V (G)|. For an integer k ≥ 2, we say that a hypergraph
G is k-uniform if every edge has size k. A (simple) graph is a 2-uniform
hypergraph. The degree of a vertex v in G, denoted by dG(v), is the number
of edges of G which contain v.
For u, v ∈ V (G), a walk from u to v in G is defined to be a sequence of
vertices and edges (v0, e1, v1, . . . , vp−1, ep, vp) with v0 = u and vp = v edge ei
contains vertices vi−1 and vi, and vi−1 6= vi for i = 1, . . . , p. The value p is the
length of this walk. A path is a walk with all vi distinct and all ei distinct. A
cycle is a walk containing at least two edges, all ei are distinct and all vi are
distinct except v0 = vs. A vertex u ∈ V (G) is viewed as a path (from u to u)
of length 0. If there is a path from u to v for any u, v ∈ V (G), then we say
that G is connected. A hypertree is a connected hypergraph with no cycles.
Note that a k-uniform hypertree with m edges always has order 1 + (k− 1)m.
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Let G be a k-uniform hypergraph with V (G) = {v1, . . . , vn} and edge set
E(G), where 2 ≤ k ≤ n. For u, v ∈ V (G), the distance between u and
v is the length of a shortest path from u to v in G, denoted by dG(u, v).
In particular, dG(u, u) = 0. The diameter of G is the maximum distance
between all vertex pairs of G. The distance matrix of G is the n × n matrix
D(G) = (dG(u, v))u,v∈V (G). The eigenvalues of D(G) are called the distance
eigenvalues of G. Since D(G) is real and symmetric, the distance eigenvalues
of G are real. The distance spectral radius of G, denoted by ρ(G), is the
largest distance eigenvalue of G. Note that D(G) is a irreducible nonnegative
matrix. The Perron-Frobenius theorem implies that ρ(G) is simple, positive,
and there is a unique positive unit eigenvector x(G) corresponding to ρ(G),
which is called the distance Perron vector of G, denoted by x(G).
The study of distance eigenvalues of 2-uniform hypergraphs (ordinary graphs)
dates back to the classical work of Graham and Pollack [5], Graham and Lova´sz
[4] and Edelberg et al. [3]. Ruzieh and Powers [7] showed that among con-
nected 2-uniform hypergraphs of order n, the path Pn is the unique graph
with maximum distance spectral radius. Stevanovic´ and Ilic´ [9] showed that
among trees of order n, the star Sn is the unique tree with minimum distance
spectral radius. Nath and Paul [6] determined the unique trees with maximum
distance spectral radius among trees with fixed matching number. For more
details on distance eigenvalues and especially on distance spectral radius of
2-uniform hypergraphs, one may refer to the recent survey of Aouchiche and
Hansen [1] and referees therein. Sivasubramanian [8] gave a formula for the
inverse of a few q-analogs of the distance matrix of a 3-uniform hypertree.
For a k-uniform hypertree G with V (G) = {v1, . . . , vn}, if E(G) = {e1, . . . ,
em}, where ei = {v(i−1)(k−1)+1, . . . , v(i−1)(k−1)+k} for i = 1, . . . , m, then we call
G a k-uniform loose path, denoted by Pn,k.
For a k-uniform hypertree G of order n, if there is a disjoint partition of
the vertex set V (G) = {u}∪ V1 ∪ · · · ∪ Vm such that |V1| = · · · = |Vm| = k− 1,
and E(G) = {{u}∪Vi : 1 ≤ i ≤ m}, then we call G is a hyperstar (with center
u), denoted by Sn,k. In particular, S1,k is a hypergraph with a single vertex
and Sk,k is a hypergraph with a single edge.
In this paper, we study the effect of three types of graft transformations to
increase or decrease the distance spectral radius of k-uniform hypergraphs. As
applications, we show that Pn,k and Sn,k are the unique k-uniform hypertrees
with maximum and minimum distance spectral radius, respectively, and we
also determine the unique k-uniform hypertrees with second maximum and
second minimum distance spectral radius, respectively.
2 Preliminaries
Let G be a k-uniform hypergraph with V (G) = {v1, . . . , vn}. A column vector
x = (xv1 , . . . , xvn)
⊤ ∈ Rn can be considered as a function defined on V (G)
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which maps vertex vi to xvi , i.e., x(vi) = xvi for i = 1, . . . , n. Then
x⊤D(G)x =
∑
{u,v}⊆V (G)
2dG(u, v)xuxv,
and ρ is a distance eigenvalue with corresponding eigenvector x if and only if
x 6= 0 and for each u ∈ V (G),
ρxu =
∑
v∈V (G)
dG(u, v)xv.
The above equation is called the (ρ, x)-eigenequation of G (at u). For a unit
column vector x ∈ Rn with at least one nonnegative entry, by Rayleigh’s
principle, we have
ρ(G) ≥ x⊤D(G)x
with equality if and only if x = x(G).
For u ∈ V (G), let G−u be the sub-hypergraph of G obtained by deleting u
and all edges containing u. We remark that in the literature this is sometimes
denoted by strongly deleting the vertex u. For e ∈ E(G), let G − e be the
sub-hypergraph of G obtained by deleting e.
For X ⊆ V (G) with X 6= ∅, let G[X ] be the sub-hypergraph induced by
X , i.e., G[X ] has vertex set X and edge set {e∩X : e ∈ E(G)}, and let σG(X)
be the sum of the entries of the distance Perron vector of G corresponding to
the vertices in X .
Let G be a k-uniform hypergraph with u, v ∈ V (G) and e1, . . . , er ∈ E(G)
such that u /∈ ei and v ∈ ei for 1 ≤ i ≤ r. Let e
′
i = (ei \ {v}) ∪ {u} for
1 ≤ i ≤ r. Let G′ be the hypergraph with V (G′) = V (G) and E(G′) =
(E(G) \ {e1, . . . , er}) ∪ {e
′
1, . . . , e
′
r}. Then we say that G
′ is obtained from G
by moving edges e1, . . . , er from v to u.
A path P = (v0, e1, v1, . . . , vp−1, ep, vp) in a k-uniform hypergraph G is
called a pendant path at v0, if dG(v0) ≥ 2, dG(vi) = 2 for 1 ≤ i ≤ p − 1,
dG(v) = 1 for v ∈ ei \ {vi−1, vi} with 1 ≤ i ≤ p, and dG(vp) = 1. An edge
e = {w1, . . . , wk} in G is called a pendant edge at w1 if dG(w1) ≥ 2, dG(wi) = 1
for 2 ≤ i ≤ k.
If P is a pendant path of a hypergraph G at u, we say G is obtained from
H by attaching a pendant path P at u with H = G[V (G)\ (V (P )\{u})]. If P
is a pendant path of length one of G at u, then we also say that G is obtained
from H by attaching a pendant edge at u.
A component of a hypergraph G is a maximal connected sub-hypergraph
of G.
For vertex-disjoint hypergraphs G1 and G2, let G1 ∪G2 the be union of G1
and G2, i.e, V (G1 ∪G2) = V (G1)∪ V (G2) and E(G1 ∪G2) = E(G1)∪E(G2).
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3 The effect of graft transformations on dis-
tance spectral radius
In this section we propose three types of graft transformations for a k-uniform
hypergraph, and consider the effect of them to increase or decrease the distance
spectral radius.
Let G be a connected k-uniform hypergraph with |E(G)| ≥ 1. For u ∈
V (G), and positive integers p and q, let Gu(p, q) be a k-uniform hypergraph
obtained from G by attaching two pendant paths of lengths p and q at u,
respectively, and Gu(p, 0) be a k-uniform hypergraph obtained from G by
attaching a pendant path of length p at u.
Theorem 3.1. Let G be a connected k-uniform hypergraph |E(G)| ≥ 1 and
u ∈ V (G). For integers p ≥ q ≥ 1, ρ(Gu(p, q)) < ρ(Gu(p+ 1, q − 1)).
Proof. LetH = Gu(p, q). Let P = (u, e1, u1, . . . , up−1, ep, up) andQ = (u, e
′
1, v1,
. . . , vq−1, e
′
q, vq) be the pendant paths of H at u of lengths p and q, respectively.
Let e1u, . . . , e
t
u be all the edges of G containing u, where t ≥ 1.
Suppose that σH(V (P )) ≥ σH(V (Q)). Let H
′ be the hypergraph obtained
from H by moving edges e1u, . . . , e
t
u from u to v1. It is easily seen that H
′ ∼=
Gu(p + 1, q − 1). As we pass from H to H
′, the distance between a vertex of
V (G) \ {u} and a vertex of V (P ) is increased by 1, the distance between a
vertex of V (G)\{u} and V (Q)\ (e′1 \{v1}) is decreased by 1, and the distance
between any other vertex pair remains unchanged. Let x = x(H). Then
1
2
(ρ(H ′)− ρ(H))
≥
1
2
x⊤(D(H ′)−D(H))x
= σH(V (G) \ {u}) [σH(V (P ))− (σH(V (Q))− σH(e
′
1 \ {v1}))]
= σH(V (G) \ {u}) [σH(V (P ))− σH(V (Q)) + σH(e
′
1 \ {v1})]
≥ σH(V (G) \ {u})σH(e
′
1 \ {v1})
> 0,
and thus ρ(H) < ρ(H ′).
Suppose that σH(V (P )) < σH(V (Q)). Let H
′′ be the hypergraph obtained
from H by moving edges e1u, . . . , e
t
u from u to u1. It is easily seen that H
′′ ∼=
Gu(p− 1, q + 1). By similar argument as above, we have that ρ(H) < ρ(H
′′).
Thus we have proved that
ρ(Gu(p, q)) < max{ρ(Gu(p− 1, q + 1)), ρ(Gu(p+ 1, q − 1))}. (3.1)
If p = q, then the result follows. Suppose that p > q. If ρ(Gu(p, q)) <
ρ(Gu(p− 1, q + 1)), then by using (3.1) repeatedly, we have
ρ(Gu(p, q)) ≤ ρ
(
Gu
(⌈
p+ q + 1
2
⌉
,
⌊
p+ q − 1
2
⌋))
4
< ρ
(
Gu
(⌊
p+ q − 1
2
⌋
,
⌈
p+ q + 1
2
⌉))
,
which is impossible. Thus ρ(Gu(p, q)) < ρ(Gu(p+ 1, q − 1)).
Let G be a connected k-uniform hypergraph with u, v ∈ e ∈ E(G). For
positive integers p and q, let Gu,v(p, q) be a k-uniform hypergraph obtained
from G by attaching a pendant path of length p at u and a pendant path of
length q at v, and Gu,v(p, 0) be a k-uniform hypergraph obtained from G by
attaching a pendant path of length p at u. Let Gu,v(0, q) = Gv,u(q, 0).
Theorem 3.2. Let G be a connected k-uniform hypergraph |E(G)| ≥ 2 and
u, v ∈ e ∈ E(G). Suppose that G − e consists of k components. For integers
p, q ≥ 1, ρ(Gu,v(p, q)) < ρ(Gu,v(p − 1, q + 1)) or ρ(Gu,v(p, q)) < ρ(Gu,v(p +
1, q − 1)).
Proof. Let H = Gu,v(p, q). Let P = (u, e1, u1, . . . , up−1, ep, up) and Q =
(v, e′1, v1, . . . , vq−1, e
′
q, vq) be the pendant paths of H at u and v of lengths
p and q, respectively. Let e = {u, v, w1, . . . , wk−2}, e1 = {u, u1, w
′
1, . . . , w
′
k−2}
and e′1 = {v, v1, w
′′
1 , . . . , w
′′
k−2}. For w ∈ e, let Gw be the component of G− e
containing w, and let tw be the number of edges of G − e containing w. For
w ∈ e with tw ≥ 1, let e
1
w, . . . , e
tw
w be the tw edges of G− e containing w. Note
that e1w, . . . , e
tw
w ∈ E(Gw) for w ∈ e.
Suppose that σH(V (P )) ≥ σH(V (Q)). Let H
′ be the hypergraph obtained
from H by moving edges e1wi, . . . , e
twi
wi from wi to w
′′
i for all i with 1 ≤ i ≤
k − 2 and ti ≥ 1 if k ≥ 3, moving edges e
1
u, . . . , e
tu
u from u to v if tu ≥ 1,
and moving edges e1v, . . . , e
tv
v from v to v1 if tv ≥ 1. It is easily seen that
H ′ ∼= Gu,v(p+ 1, q − 1).
For k ≥ 3, let I = {i : 1 ≤ i ≤ k − 2, twi ≥ 1}. As we pass from H
to H ′, the distance between a vertex of V (Gu) \ {u} and a vertex of V (P )
is increased by 1, and the distance between a vertex of V (Gu) \ {u} and a
vertex of V (Q) is decreased by 1, the distance between a vertex of V (Gv)\{v}
and a vertex of V (P ) ∪ (e \ {u}) is increased by 1, the distance between a
vertex of V (Gv) \ {v} and a vertex of V (Q) \ (e
′
1 \ {v1}) is decreased by 1,
for i ∈ I with k ≥ 3, the distance between a vertex of V (Gwi) \ {wi} and
a vertex of V (P ) ∪ (e \ {wi, u, v}) is increased by 1, the distance between a
vertex of V (Gwi)\{wi} and wi is increased by 2, the distance between a vertex
of V (Gwi) \ {wi} and a vertex of V (Q) \ {v, w
′′
i } is decreased by 1, and the
distance between a vertex of V (Gwi) \ {wi} and w
′′
i is decreased by 2, and the
distance between any other vertex pair remains unchanged. Let x = x(H).
Note that σH(e)− xu ≥ xv and σH(e
′
1)− xv1 ≥ xv. Then
1
2
(ρ(H ′)− ρ(H))
≥
1
2
x⊤(D(H ′)−D(H))x
= σH(V (Gu) \ {u}) (σH(V (P ))− σH(V (Q)))
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+σH(V (Gv) \ {v}) [σH(V (P )) + (σH(e)− xu)
−(σH(V (Q))− (σH(e
′
1)− xv1))]
+
∑
i∈I
σH(V (Gwi) \ {wi}) [σH(V (P )) + (σH(e)− xwi − xu − xv) + 2xwi
−(σH(V (Q))− xv − xw′′i )− 2xw′′i
]
= σH(V (Gu) \ {u}) (σH(V (P ))− σH(V (Q)))
+σH(V (Gv) \ {v}) [σH(V (P ))− σH(V (Q))
+(σH(e)− xu) + (σH(e
′
1)− xv1)]
+
∑
i∈I
σH(V (Gwi) \ {wi}) [σH(V (P ))− σH(V (Q))
+(σH(e)− xu) + xwi − xw′′i
]
≥ σH(V (Gu) \ {u}) (σH(V (P ))− σH(V (Q)))
+σH(V (Gv) \ {v}) (σH(V (P ))− σH(V (Q)) + 2xv)
+
∑
i∈I
σH(V (Gwi) \ {wi})
(
σH(V (P ))− σH(V (Q)) + xv + xwi − xw′′i
)
≥ 2σH(V (Gv) \ {v})xv +
∑
i∈I
σH(V (Gwi) \ {wi})
(
xv + xwi − xw′′i
)
.
By the eigenequations of H at v, wi and w
′′
i , we have
ρ(H)xv = xwi + xw′′i +
∑
w∈V (H)\{v,wi,w′′i }
dH(v, w),
ρ(H)xwi = xv + 2xw′′i +
∑
w∈V (H)\{v,wi,w′′i }
dH(wi, w),
ρ(H)xw′′i = 2xwi + xv +
∑
w∈V (H)\{v,wi,w′′i }
dH(w
′′
i , w).
For w ∈ V (H) \ {v, wi, w
′′
i } with i ∈ I, we have dH(v, w) + dH(wi, w) −
dH(w
′′
i , w) ≥ 0. Then ρ(H)(xv + xwi − xw′′i ) ≥ −xwi + 3xw′′i . Since (ρ(H) +
1)(xv + xwi − xw′′i ) ≥ xv + 2xw′′i > 0, we have xv + xwi − xw′′i > 0. Thus
1
2
(ρ(H ′)− ρ(H)) ≥ 1
2
x⊤(D(H ′)−D(H))x
≥ 2σH(V (Gv) \ {v})xv
+
∑
i∈I σH(V (Gwi) \ {wi})
(
xv + xwi − xw′′i
)
≥ 0.
(3.2)
It follows that ρ(H) ≤ ρ(H ′).
If I 6= ∅, then
∑
i∈I σH(V (Gwi) \ {wi}) > 0, and thus from (3.2) we have
ρ(H) < ρ(H ′). Suppose that I = ∅ and ρ(H) = ρ(H ′). Then σH(V (Gv) \
{v}) = 0, i.e., V (Gv) = {v}. Since |E(G)| ≥ 2, we have V (Gu) \ {u} 6=
∅. Thus dH(u, z) < dH′(u, z) for z ∈ V (Gu) \ {u}. On the other hand,
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since all inequalities in (3.2) are equalities, we have x⊤D(H ′)x = ρ(H ′), and
thus x(H ′) = x, implying that ρ(H)xu = (D(H)x)u < (D(H
′)x)u = ρ(H
′)xu
contradiction. Thus ρ(H) < ρ(H ′).
Suppose that σH(V (P )) < σH(V (Q)). Let H
′′ be the hypergraph obtained
from H by moving edges e1wi, . . . , e
twi
wi from wi to w
′
i for all i with 1 ≤ i ≤ k−2
and ti ≥ 1 if k ≥ 3, moving edges e
1
u, . . . , e
tu
u from v to u if tu ≥ 1, and
moving edges e1v, . . . , e
tv
v from u to u1 if tv ≥ 1. It is easily seen that H
′′ ∼=
Gu,v(p− 1, q+1). By similar argument as above, we have that ρ(H) < ρ(H
′′).
Thus ρ(Gu,v(p, q)) < ρ(Gu,v(p−1, q+1)) or ρ(Gu,v(p, q)) < ρ(Gu,v(p+1, q−
1)), as desired.
Corollary 3.1. Let G be a connected k-uniform hypergraph with |E(G)| ≥ 2
and u, v ∈ e ∈ E(G). Suppose that G − e consists of k components and
dG(u) = dG(v) = 1. For p ≥ q ≥ 1, ρ(Gu,v(p, q)) < ρ(Gu,v(p+ 1, q − 1)).
Proof. If p = q, then the result follows from Theorem 3.2. Suppose that
p > q. Suppose that ρ(Gu,v(p, q)) < ρ(Gu,v(p − 1, q + 1)). Since dG(u) =
dG(v) = 1, we have Gu,v(⌈
p+q+1
2
⌉, ⌊p+q−1
2
⌋) ∼= Gu,v(⌊
p+q−1
2
⌋, ⌈p+q+1
2
⌉). Using
Theorem 3.2 repeatedly, we have ρ(Gu,v(p, q)) ≤ ρ(Gu,v(⌈
p+q+1
2
⌉, ⌊p+q−1
2
⌋)) <
ρ(Gu,v(⌊
p+q−1
2
⌋, ⌈p+q+1
2
⌉)), which is impossible. Thus ρ(Gu,v(p, q)) < ρ(Gu,v(p+
1, q − 1)).
Let G be a connected k-uniform hypergraph with |E(G)| ≥ 2, and let
e = {w1, . . . , wk} be an edge of G, where dG(wi) = 1 for 1 ≤ i ≤ k − 1,
dG(wk) ≥ 2. For 1 ≤ i ≤ k − 1, let Hi be a connected k-uniform hypergraph
with vi ∈ V (Hi). Suppose that G,H1, . . . , Hk−1 are vertex-disjoint. For 0 ≤
s ≤ k − 1, let Ge,s(H1, . . . , Hk−1) be the hypergraph obtained by identifying
wi of G and vi of Hi for s + 1 ≤ i ≤ k − 1 and identifying wk of G and vi
of Hi for all i with 1 ≤ i ≤ s. In particular, if Hi = Sti(k−1)+1,k and vi is its
heart, where ti ≥ 0 and 1 ≤ i ≤ k − 1, then we write Ge,s(t1, . . . , tk−1) for
Ge,s(H1, . . . , Hk−1).
Theorem 3.3. Suppose that |E(Hj)| ≥ 1 for some j with 1 ≤ j ≤ k − 1.
Then ρ(Ge,0(H1, . . . , Hk−1)) > ρ(Ge,s(H1, . . . , Hk−1)) for j ≤ s ≤ k − 1.
Proof. Let H = Ge,0(H1, . . . , Hk−1). For 1 ≤ i ≤ k − 1, let ti be the number
of edges of H − e containing wi. For 1 ≤ i ≤ k − 1 with ti ≥ 1, let e
1
i , . . . , e
ti
i
be the ti edges of H − e containing wi. Let H
′ be the hypergraph obtained by
moving edges e1i , . . . , e
ti
i from wi to wk for all i with 1 ≤ i ≤ s and ti ≥ 1. It
is easily seen that H ′ ∼= Ge,s(H1, . . . , Hk−1).
Let I = {i : 1 ≤ i ≤ s, ti ≥ 1}. As we pass from H to H
′, for i, l ∈ I
with i 6= l, the distance between a vertex of V (Hi) \ {wi} and a vertex of
V (Hl) \ {wl} is decreased by 1, the distance between a vertex of V (Hi) \ {wi}
and a vertex of (V (G) \ e) ∪ {wk} is decreased by 1, the distance between a
vertex of V (Hi) \ {wi} and wi is increased by 1, and the distance between any
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other vertex pair remains unchanged. Let x = x(H ′). Then
1
2
(ρ(H)− ρ(H ′))
≥ 1
2
x⊤(D(H)−D(H ′))x
=
∑
i∈I σH′(V (Hi) \ {wi})
(∑
l∈I
l>i
σH′(V (Hl) \ {wl})
+σH′(V (G) \ e) + xwk − xwi
)
≥
∑
i∈I σH′(V (Hi) \ {wi}) (σH′(V (G) \ e) + xwk − xwi)
≥ σH′(V (Ht) \ {wj})
(
σH′(V (G) \ e) + xwk − xwj
)
.
(3.3)
Note that there is an edge different from e containing wk. Let v be a vertex
different from wk in such an edge of G. For w ∈ V (H) \ {v, wk, wj}, we
have dH′(v, w) + dH′(wk, w)− dH′(wj , w) ≥ 0. By the eigenequations of H
′ at
v, wk and wj, we have ρ(H
′)(xv + xwk − xwj ) ≥ −xv + 3xwj . Since (ρ(H
′) +
1)(xv + xwk − xwj ) ≥ xwk + 2xwj > 0, we have xv + xwk − xwj > 0. Then
σH′(V (G) \ e) + xwk − xwj > xv + xwk − xwj > 0. From (3.3), we have
ρ(H) > ρ(H ′).
Corollary 3.2. For Ge,0(t1, . . . , tk−1), if tj ≥ 1 for some j with 1 ≤ j ≤ k−1,
then ρ(Ge,0(t1, . . . , tk−1)) > ρ(Ge,s(t1, . . . , tk−1) for j ≤ s ≤ k − 1.
4 Distance spectral radius of uniform hyper-
trees
In this section we study the distance spectral radius of k-uniform hypertrees
using the results in Section 3.
For positive integers ∆, n with 1 ≤ ∆ ≤ n−1
k−1
, let B∆n,k be the k-uniform
hypertree obtained from vertex-disjoint hyperstar S(∆−1)(k−1)+1,k with center
u and loose path Pn−(∆−1)(k−1),k with an end vertex v by identifying u and v.
In particular, B∆n,k
∼= Pn,k if ∆ = 1, 2.
Theorem 4.1. Let T be a k-uniform hypertree on n vertices with maximum
degree ∆, where 1 ≤ ∆ ≤ n−1
k−1
. Then ρ(T ) ≤ ρ(B∆n,k) with equality if and only
if T ∼= B∆n,k.
Proof. It is trivial if ∆ = 1. Suppose that ∆ ≥ 2. Let T be a k-uniform hyper-
tree of order n with maximum degree ∆ having maximum distance spectral
radius.
Let u be a vertex of T with degree ∆.
Case 1. ∆ ≥ 3.
Suppose that there are at least two vertices of degree at least 3 in T .
Choose a vertex v of degree at least 3 such that dT (u, v) is as large as possible.
Let T1, . . . , TdT (v) be the vertex disjoint sub-hypergraphs of T − v such that
T [V (Ti) ∪ {v}] is a k-uniform hypertree for 1 ≤ i ≤ dT (v). Assume that
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u ∈ V (T1). If k = 2, then T [V (Ti) ∪ {v}] is a pendant path at v for 2 ≤
i ≤ dT (v). Suppose that k ≥ 3 and T [V (Ti) ∪ {v}] is not a pendant path
at v for some i with 2 ≤ i ≤ dT (v). Then there is at least one edge in
E(T [V (Ti)∪{v}]) with at least three vertices of degree two. We choose such an
edge e = {w1, . . . , wk} by requiring that dT (v, w1) is as large as possible, where
dT (v, w1) = dT (v, wj)− 1 for 2 ≤ j ≤ k. Then there are at least two pendant
paths at different vertices of e, say P = (wj, e1, u1, . . . , up−1, ep, up) at wj and
Q = (wl, e
′
1, v1, . . . , vq−1, e
′
q, vq) at wl, where 2 ≤ j < l ≤ k and p, q ≥ 1. Then
T ∼= Hwj ,wl(p, q), where H = T [V (T )\(V (P ∪Q)\{wj , wl})]. Assume that p ≥
q. Note that dH(wj) = dH(wl) = 1 and T
′ = Hwj ,wl(p+1, q−1) is a k-uniform
hypertree with maximum degree ∆. By Corollary 3.1, we have ρ(T ) < ρ(T ′),
a contradiction. Thus T [V (Ti)∪ {v}] is a pendant path at v for 2 ≤ i ≤ dT (v)
for k ≥ 2. Let li be the length of the pendant path T [V (Ti)∪ {v}] at v, where
2 ≤ i ≤ dT (v) and li ≥ 1. Then T ∼= Gv(l2, l3), where G = T [V (T )\V (T2∪T3)].
Assume that l2 ≥ l3. Note that T
′′ = Gv(l2+1, l3−1) is a k-uniform hypertree
with maximum degree ∆. By Theorem 3.1, ρ(T ) < ρ(T ′′), a contradiction.
Thus u is the unique vertex of degree at least 3 in T .
Let G1, . . . , G∆ be the vertex disjoint sub-hypergraphs of T − u such that
T [V (Gi)∪{u}] is a connected k-uniform hypergraph for 1 ≤ i ≤ ∆. By similar
argument as above, T [V (Gi)∪{u}] is a pendant path at u for 1 ≤ i ≤ ∆. Let li
be the length of the pendant path T [V (Gi)∪{u}] at u for 1 ≤ i ≤ ∆. Suppose
that there are at least two pendant paths of length at least two at u, say
T [V (Gi)∪ {u}] and T [V (Gj)∪ {u}] are such two paths, where 1 ≤ i < j ≤ ∆.
Then T ∼= Hu(li, lj), where H = T [V (T ) \ V (Gi ∪ Gj)]. Assume that li ≥ lj .
Note that T ∗ = Hu(li +1, lj − 1) is also a k-uniform hypertree with maximum
degree ∆. By Theorem 3.1, ρ(T ) < ρ(T ∗), a contradiction. Thus there is at
most one pendant path of length at least 1, implying that T ∼= B∆n,k.
Case 2. ∆ = 2.
It is trivial if k = 2. Suppose that k ≥ 3 and T ≇ B2n,k. Then there
is an edge in T with at least three vertices of degree 2. Choose such an
edge e = {w1, . . . , wk} in E(T ) such that dT (u, w1) is as large as possible,
where dT (u, w1) = dT (u, wj) − 1 for 2 ≤ j ≤ k. Then there are two pendant
paths at different vertices of e, say P = (wj, e1, u1, . . . , up−1, ep, up) at wj and
Q = (wl, e
′
1, v1, . . . , vq−1, e
′
q, vq) at wl, where 2 ≤ j < l ≤ k and p, q ≥ 1.
Then T ∼= Hwj ,wl(p, q), where H = T [V (T ) \ (V (P ∪Q) \ {wj, wl})]. Assume
that p ≥ q. Note that dH(wj) = dH(wl) = 1 and T
′ = Hwj ,wl(p + 1, q − 1)
is a k-uniform hypertree with maximum degree 2. By Corollary 3.1, we have
ρ(T ) < ρ(T ′), a contradiction. Thus there are at most two vertices of degree
two in each edge, implying that T ∼= B2n,k.
Combining Cases 1 and 2, we complete the proof.
Theorem 4.2. Let T be a k-uniform hypertree on n vertices, where n−1
k−1
≥ 1.
Then ρ(T ) ≤ ρ(Pn,k) with equality if and only if T ∼= Pn,k.
Proof. It is trivial if n−1
k−1
= 1, 2. Suppose that n−1
k−1
≥ 3. Let T be a k-uniform
hypertree of order n with maximum distance spectral radius. Let ∆ be the
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maximum degree of T . Then by Theorem 4.1, T ∼= B∆n,k. Suppose that ∆ ≥ 3.
By Theorem 3.1, we have ρ(B∆n,k) < ρ(B
∆−1
n,k ), a contradiction. Then ∆ = 2,
and thus T ∼= B2n,k
∼= Pn,k.
For k ≥ 3 and a loose pathPn−k+1,k = (u0, e1, u1, . . . , en−k
k−1
, un−k
k−1
), where
n−1
k−1
≥ 3, let Fn,k be the k-uniform hypertree obtained from Pn−k+1,k by at-
taching a pendant edge at a vertex of degree one in e2. If
n−1
k−1
= 3, then
Fn,k ∼= Pn,k.
Lemma 4.1. Suppose that n−1
k−1
≥ 3 and k ≥ 3. Then ρ(B3n,k) < ρ(Fn,k).
Proof. If n−1
k−1
= 3, then the result follows from Theorem 4.2.
Suppose that n−1
k−1
≥ 4. Let T = Fn,k. Let v ∈ e2 such that dT (v) = 1, and
let e be the pendant edge at v. Let T ′ be the hypergraph obtained from T by
moving e from v to u1. Obviously, T
′ ∼= B3n,k.
As we pass from T to T ′, the distance between a vertex of e \ {v} and a
vertex of e1 is decreased by 1, the distance between a vertex of e \ {v} and
v is increased by 1, and the distance between any other vertex pair remained
unchanged. Let x = x(T ′). Then
1
2
(ρ(T )− ρ(T ′))xv ≥
1
2
x⊤(D(T )−D(T ′))x
= (σT ′(e)− xv)(σT ′(e1)− xv).
From the eigenequations of T at u0, u1 and v, we have
ρ(T ′)xu0 = xu1 + 2xv +
k−1∑
i=2
xwi +
∑
w∈V (T )\(e1∪{v})
dT ′(u0, w)xw,
ρ(T ′)xu1 = xu0 + xv +
k−1∑
i=2
xwi +
∑
w∈V (T )\(e1∪{v})
dT ′(u1, w)xw,
ρ(T ′)xv = 2xu0 + xu1 +
k−1∑
i=2
2xwi +
∑
w∈V (T )\(e1∪{v})
dT ′(v, w)xw.
Note that for w ∈ V (T ) \ (e1 ∪ {v}), dT ′(u0, w) + dT ′(u1, w)− dT ′(v, w) ≥ 0.
Then (ρ(T ′) + 1)(xu0 + xu1 − xv) ≥ xu1 + 2xv > 0, and thus σT ′(e1) − xv >
xu0 + xu1 − xv > 0. It follows that ρ(T
′) < ρ(T ), as desired.
Let T be a k-uniform hypertree of order n, where T ≇ Pn,k. Then
n−1
k−1
≥ 3,
and if n−1
k−1
= 3, then T ∼= Sn,k.
Let Fn,2 = B
3
n,2.
Theorem 4.3. Let T be a k-uniform hypertree of order n, where T ≇ Pn,k
and n−1
k−1
≥ 4. Then ρ(T ) ≤ ρ(Fn,k) with equality if and only if T ∼= Fn,k.
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Proof. Let T be a k-uniform hypertree of order n nonisomorphic to Pn,k with
maximum distance spectral radius.
Let ∆ be the maximum degree of T . Then ∆ ≥ 3 if k = 2 and ∆ ≥ 2 if
k ≥ 3.
Suppose that ∆ ≥ 3. Then by Theorem 4.1, T ∼= B∆n,k. Suppose that
∆ ≥ 4. Note that B∆−1n,k ≇ Pn,k. By Theorem 3.1, we have ρ(B
∆
n,k) < ρ(B
∆−1
n,k ),
a contradiction. Thus ∆ = 3. It follows that T ∼= B3n,k. The result for k = 2
follows.
Suppose in the following that k ≥ 3.
Suppose that ∆ = 2. Since T ≇ Pn,k, there is at least one edge with at least
three vertices of degree 2. Suppose that there are at least two such edges. Let
u be a vertex of degree one in T . Choose an edge e = {w1, . . . , wk} in E(T )
with at least 3 vertices of degree two such that dT (u, w1) is as large as possible,
where dT (u, w1) = dT (u, wi) − 1 for 2 ≤ i ≤ k. Then there are at least two
pendant paths at different vertices of e, say P = (wi, e1, u1, . . . , up−1, ep, up) at
wi andQ = (wj, e
′
1, v1, . . . , vq−1, e
′
q, vq) at wj, where 1 ≤ i < j ≤ k and p, q ≥ 1.
Then T ∼= Hwi,wj(p, q), where H = T [V (T ) \ (V (P ∪Q) \ {wi, wj})]. Assume
that p ≥ q. Note that T ′ = Hwi,wj(p + 1, q − 1) is a k-uniform hypertree
that is not isomorphic to Pn,k. By Corollary 3.1, we have ρ(T ) < ρ(T
′), a
contradiction. Thus there is exactly one edge e with at least three vertex of
degree 2.
We claim that there are exactly three vertices of degree two in e. Otherwise,
k ≥ 4 and there are four vertices w1, w2, w3 and w4 of degree two in e. LetQi be
the pendant path of length li at wi, where li ≥ 1 for i = 1, 2, 3, 4. Assume that
l1 ≥ l2. Let G = T [V (T ) \ (V (Q1 ∪Q2) \ {w1, w2})]. Then T ∼= Gw1,w2(l1, l2),
Note that T ′′ = Gw1,w2(l1 + 1, l2 − 1) is a k-uniform hypertree that is not
isomorphic to Pn,k. By Corollary 3.1, ρ(T ) < ρ(T
′′), a contradiction. Thus
there are exactly three vertices of degree two in e, say w1, w2, and w3.
Let Qi be the pendant path at wi with length li, where i = 1, 2, 3 and
li ≥ 1. Assume that l1 ≥ l2 ≥ 2. Let G = T [V (T ) \ (V (Q1 ∪Q2) \ {w1, w2})].
Then T ∼= Gw1,w2(l1, l2). Note that T
∗ = Gw1,w2(l1 + 1, l2 − 1) is a k-uniform
hypertree that is not isomorphic to Pn,k. By Corollary 3.1, ρ(T ) < ρ(T
∗), a
contradiction. Thus there are at least two of Q1, Q2 and Q3 with length 1.
Thus T ∼= Fn,k.
By Lemma 4.1, ρ(B3n,k) < ρ(Fn,k). Thus T
∼= Fn,k.
Theorem 4.4. Let T be a k-uniform hypertree on n vertices, where n−1
k−1
≥ 1.
Then ρ(T ) ≥ ρ(Sn,k) with equality if and only if T ∼= Sn,k.
Proof. It is trivial if n−1
k−1
≤ 2. Suppose that n−1
k−1
≥ 3. Let T be a k-uniform
hypertree of order n with minimum distance spectral radius.
Let d be the diameter of T . Obviously, d ≥ 2. Suppose that d ≥ 3.
Let P = (v0, e1, v1, . . . , vd−1, ed, vd) be a diametral path of T . Let ed−1 =
{w1, w2, . . . , wk}, where wk−1 = vd−1 and wk = vd−2. For 1 ≤ i ≤ k − 1,
let ti be the number of pendant edges at wi outside P , where tk−1 ≥ 1. For
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1 ≤ i ≤ k − 1 with ti ≥ 1, let e
1
i , . . . , e
ti
i be the ti pendant edges at wi
outside P , where e1wk−1 = es. Then T
∼= Ged−1,0(t1, . . . , tk−1), where G =
T [V (T )\E1] and E1 = ∪ 1≤i≤k−1
1≤j≤ti
(eji \{wi}). Let T
′ be the hypergraph obtained
fromGed−1,0(t1, . . . , tk−1) by moving edges e
1
i , . . . , e
ti
i from wi to wk for all i with
1 ≤ i ≤ k − 1 and ti ≥ 1. Then T
′ ∼= Ged−1,k−1(t1, . . . , tk). By Corollary 3.2,
ρ(T ) > ρ(T ′), a contradiction. Thus d = 2, implying that T ∼= Sn,k.
An automorphism of a hypergraph G is a bijection on V (G) which induces
a bijection on E(G).
Lemma 4.2. Let G be a connected k-uniform hypergraph with η being an
automorphism of G. Let x = x(G). Then η(u) = v implies that xu = xv.
Proof. Let P be the permutation matrix that corresponds to the automor-
phism η of G. Then D(G) = P⊤D(G)P . Since ρ(G)x = D(G)x, we have
ρ(G) = x⊤Dx = (Px)⊤D(G)(Px). Obviously, Px is a positive unit vector.
Thus Px = x, from which the result follows.
For n−1
k−1
≥ 3 and 1 ≤ a ≤
⌊
n−k
2(k−1)
⌋
, let Dn,a be the k-uniform hypertree
obtained from vertex-disjoint Sa(k−1)+1,k with center u and Sn−k−a(k−1)+1,k with
center v by adding k−2 new vertices w1, . . . , wk−2 and an edge {u, v, w1, . . . , wk−2}.
Lemma 4.3. For 2 ≤ a ≤
⌊
n−k
2(k−1)
⌋
, ρ(Dn,a) > ρ(Dn,a−1).
Proof. Let b = n−k
k−1
− a. Let u and v be the vertices of Dn,a with degree a and
b, respectively. Let E(Dn,a) = {ei : 1 ≤ i ≤ a + b+ 1} and ei = {w
1
i , . . . , w
k
i }
for 1 ≤ i ≤ a+ b+1, where wki = u if 1 ≤ i ≤ a, w
k
i = v for a+ 1 ≤ i ≤ a+ b,
and w1i = u and w
k
i = v for i = a + b + 1. Let x = x(Dn,a). By Lemma 4.2,
xw1i = xwji
and xw1
1
= · · · = xw1a for 1 ≤ i ≤ a and 1 ≤ j ≤ k − 1, xw1i = xwji
and xw1a+1 = · · · = xw1a+b for a + 1 ≤ i ≤ a + b and 1 ≤ j ≤ k − 1, and
xw2i = · · · = xwk−1i
for i = a+ b+ 1. Let α = xw1
1
, β = xw1a+1, and γ = xw2a+b+1.
From the eigenequations of Dn,a at w
1
1, w
1
a+1, w
1
a+b+1, u and v, we have
ρ(Dn,a)α = (2(k − 1)a− k)α + 3(k − 1)bβ + 2(k − 2)γ + xu + 2xv,
ρ(Dn,a)β = 3(k − 1)aα + (2(k − 1)b− k)β + 2(k − 2)γ + 2xu + xv,
ρ(Dn,a)γ = 2(k − 1)aα + 2(k − 1)bβ + (k − 3)γ + xu + xv,
ρ(Dn,a)xu = (k − 1)aα+ 2(k − 1)bβ + (k − 2)γ + xv,
ρ(Dn,a)xv = 2(k − 1)aα + (k − 1)bβ + (k − 2)γ + xu.
We view these equations as a homogeneous linear system in the five variables
α, β, γ, xu, and xv. Since it has a nontrivial solution, we have
det


2(k − 1)a− k − ρ 3(k − 1)b 2(k − 2) 1 2
3(k − 1)a 2(k − 1)b− k − ρ 2(k − 2) 2 1
2(k − 1)a 2(k − 1)b k − 3− ρ 1 1
(k − 1)a 2(k − 1)b k − 2 −ρ 1,
2(k − 1)a (k − 1)b k − 2 1 −ρ

 = 0,
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where ρ = ρ(Dn,a). Thus ρ(Dn,a) is the largest root of the equation ga(t) = 0,
where
ga(t) = −t
5 + t4(2ak + 2bk − k − 2a− 2b− 3)
+t3(k2 + 4ak2 + 4bk2 + 5abk2 − 10abk
−ak − bk − 4k + 5ab− 3a− 3b− 3)
+t2(k3 + 3abk3 + 2ak3 + 2bk3 + k2 − 3abk2
+4ak2 + 4bk2 − 3abk − 5ak − 5bk − 5k + 3ab− a− b− 1)
+t(2k3 + 2abk3 + 3ak3 + 3bk3 − k2 − 4abk2
−ak2 − bk2 + 2abk − 2ak − 2bk − 2k)
+k3 + ak3 + bk3 − k2 − ak2 − bk2.
For 2 ≤ a ≤
⌊
n−k
2(k−1)
⌋
, it is easily seen that
ga(t)− ga−1(t) = (b+ 1− a)(k − 1)
2t[5t2 + (3k + 3)t+ 2k].
Let ρi = ρ(Dn,i) for 1 ≤ i ≤
⌊
n−k
2(k−1)
⌋
. Then
ga(ρa−1) = ga(ρa−1)− ga−1(ρa−1)
= (b+ 1− a)(k − 1)2ρa−1[5ρ
2
a−1 + (3k + 3)ρa−1 + 2k]
> 0,
from which, together with the fact that ga(t) < 0 for t > ρa, we have ρa > ρa−1
for 2 ≤ a ≤
⌊
n−k
2(k−1)
⌋
.
Theorem 4.5. Let T be a k-uniform hypertree of order n, where T ≇ Sn,k
and n−1
k−1
≥ 3. Then ρ(T ) ≥ ρ(Dn,1) with equality if and only if T ∼= Dn,1.
Proof. It is trivial if n−1
k−1
= 3. Suppose that n−1
k−1
≥ 4. Let T be a k-uniform
hypertree of order n nonisomorphic to Sn,k with minimum distance spectral
radius.
Let d be the diameter of T . Since T ≇ Sn,k, we have d ≥ 3. Let P =
(v0, e1, v1, . . . , vd−1, ed, vd) be a diametral path of T . Let ed−1 = {w1, . . . , wk},
where wk−1 = vd−1 and wk = vd−2. For 1 ≤ i ≤ k − 1, let ti be the number
of the pendant edges at wi outside P , where tk−1 ≥ 1. For 1 ≤ i ≤ k − 1
with ti ≥ 1, let e
1
i , . . . , e
ti
i be the ti pendant edges at wi outside P , where
e1wk−1 = ed. Then T
∼= Ged−1,0(t1, . . . , tk−1), where G = T [V (T ) \ E1] and
E1 = ∪ 1≤i≤k−1
1≤j≤ti
(eji \ {wi}). Assume that T = Ged−1,0(t1, . . . , tk−1).
Suppose that d ≥ 4. Let T ′ be the hypergraph obtained from T by moving
edges e1i , . . . , e
ti
i from wi to wk for all i with 1 ≤ i ≤ k − 1 and ti ≥ 1.
Then T ′ ∼= Ges−1,k−1(t1, . . . , tk−1) ≇ Sn,k. By Corollary 3.2, ρ(T ) > ρ(T
′), a
contradiction. Thus d = 3, implying that T = Ge2,0(t1, . . . , tk−1).
Suppose that k ≥ 3 and ti ≥ 1 for some i with 1 ≤ i ≤ k − 2. Let T
′′
be the hypergraph obtained from T by moving edges e1i , . . . , e
ti
i from wi to wk
13
for all i with 1 ≤ i ≤ k − 2 and ti ≥ 1. Then T
′′ ∼= Ge2,k−2(t1, . . . , tk−1) ≇
Sn,k. By Corollary 3.2, ρ(T ) > ρ(T
′′), a contradiction. Thus ti = 0 for
each 1 ≤ i ≤ k − 2. It follows that T = Ge2,0(0, . . . , 0, tk−1)
∼= Dn,a, where
a = min{tk−1,
n−k
k−1
− tk−1} for k ≥ 3. Obviously, this is also true for k = 2. By
Lemma 4.3, we have T ∼= Dn,1
5 Concluding remarks
We propose three types of graft transformations for a k-uniform hypergraph,
and study the effect of them to increase or decrease the distance spectral
radius. We show that Pn,k and Sn,k are the unique k-uniform hypertrees with
maximum and minimum distance spectral radius, respectively, and we also
determine the unique k-uniform hypertrees with second maximum and second
minimum distance spectral radius, respectively. Besides, we determine the
unique hypertree with maximum distance spectral radius among k-uniform
hypertrees with given maximum degree. Some theorems in this paper echo
results on the distance spectral radius of ordinary graphs in the literature, see,
e.g. [7, 9, 10, ?]. However, there are differences between k-uniform hypergraphs
with k ≥ 3 and ordinary graphs (k = 2). In Theorem 4.3, we show that Fn,k
is the unique hypertree with second maximum distance spectral radius among
k-uniform hypertrees of order n. It is easy to see that Fn,k for k ≥ 3 and Fn,2
have quite different structure.
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